We report on the use of Z-scan technique with a beam composed with two modes, to probe the nonlinear optical properties of phosphate glasses doped with Er 3+ -Yr 3+ and silver nanoparticles. Understanding the linear and nonlinear properties of these materials is crucial to evaluate if they are candidates to be used as gain media in lasers or optical amplifiers. Experiments are carried out by implementing the open-aperture Z-scan technique with bimodal laser pumping (LG 00 and LG 20 ) at 908.6 nm. The analysis is performed using a simplified model that incorporates nonlinear absorption and saturation intensity of the samples. The advantage of using a beam with a bimodal structure is that it allows us to evaluate the energy transfer between the modes, which is relevant since the optical active media act as an intermediary. This process is incorporated through an effective phenomenological parameter in the model that we use in our analysis.
INTRODUCTION
Z-scan is a useful experimental technique to characterize optical properties of materials [1, 2] . Different configurations can be implemented, in particular the openaperture (OA) and closed-aperture (CA). The former is suitable to study nonlinear absorption and optical saturation, whereas the latter is sensitive to nonlinear refractive index effects. Using high energy pulsed lasers, the Z-scan technique has been implemented to study nonlinear effects far from optical resonances [1] . Pump with continuous wave (CW) lasers at wavelengths around the optical resonances has been reported [3] . Additionally, it has been used to study ion-doped solids [4] . Different theoretical approaches have been proposed to describe the Z-scan results starting from the original description for thin samples and small nonlinear effects [1, 2] , and many other works which consider large nonlinearities [5] [6] [7] [8] [9] [10] [11] [12] , the ellipticity of the beam [13, 14] , optical saturation [15, 16] , and thick samples [17] [18] [19] [20] . Gaussian beams are ideal electromagnetic field configurations; unfortunately, many lasers do not exhibit this characteristic. The Z-scan technique considering higher modes has been addressed in the literature [21] [22] [23] , where they expose that the modes in the LaguerreGauss (LG) basis preserve their angular momentum, showing the potential use of the LG basis to deal with non ideal Gaussian beams. In this work we inspect, from the experimental point of view, the OA Z-scan technique for a beam with two LG modes and we propose a methodology to analyze the data including the two-mode structure of the pump beam, which improves substantially the fitting of the experimental data, and impacts significantly the extracted values of the nonlinear properties of the samples. We report an experimental study of nonlinear properties based upon OA Z-scan configuration using CW bimodal pumping at λ p = 908.6 nm. The advantage of using CW operation is that we can consider that the optical systems in the samples are close to a steady state. The bimodal structure of the beam arises from mode mixing, since we have not attempted to fully filter the fundamental Gaussian mode, which allows us to study the energy transfer between the spatial modes. We study two phosphate glass matrices: the first contains rare earth (RE) ions (Yb 3+ − Er 3+ ); the composition of the second glass is the same, except that it contains silver nanoparticles (SNP) [24] . For both samples the even-order electric susceptibilities are negligible. The RE ions and SNP modify the nonlinear properties through diverse physical mechanisms, among which we can find: i) Yb 3+ is approximated as a two level system. It is an optical transition, which overlaps with the pump wavelength at λ p . Although the Er 3+ has a complex energy spectrum, it also has some transitions that match with the one in Yb 3+ . Under CW pumping at λ p , the excited states 2 F 5/2 in Yb 3+ and 4 I 11/2 in Er 3+ are populated affecting the polarizability of the media [25, 26] .
ii) The Yb 3+ absorption cross section at λ p is larger than that of Er 3+ , however energy transfer from Yb 3+ to Er 3+ increases the Er 3+ excited state population, enabling two photon absorption in Er 3+ [27] .
iii) The SNP enhance the electromagnetic field in its neighbourhood. Relevant for our purpose are the broadband of the absorption and emission spectra of the SNP, ensuring the overlap with the dominant Yb 3+ − Er 3+ transitions [24] . Note that third-order nonlinear effects in plasmonic structures have been previously reported [28] [29] [30] [31] [32] .
(iv) Pumping with a CW laser induces a thermal lens effect, specially when it matches a resonance in active media.
(v) All dopants may exhibit saturation. As far as the physical picture is concerned, the problem at hand is to describe the light power transmitted through a sample, for different positions of the sample with respect to the field distribution, for a laser beam whose intensity is position dependent. To this end, we consider a phenomenological model that incorporates nonlinear absorption, optical saturation, and solve for the intensity as a function of the sample position. We firstly apply our approach to the case of thin samples pumped with a fundamental Gaussian beam and provide an analytic expression for the transmittance. We also discuss a more general situation, where the pump beam is non-Gaussian and we argue how the thick sample case can be treated. We assume that the dopants in the matrices serve as mediators of energy transfer between the pump modes and we introduce a parameter to characterize this process. The nonlinear parameters that we deal with in this work are interpreted as effective mean values, which are optimized in the model allowing the description of the experimental data. Our goal is twofold: 1) On one hand, it is complementary to the optical sample characterization performed in [24] . In this regard, our analysis permits the determination of the nonlinear properties of active media. 2) On the other hand, our study implements a methodology to deal with a bimodal laser pump. In this context, our results show clear evidence of the relevance of the two-mode coupling, and its impact on the determination of nonlinear properties. This work is structured as follows: in Section 2 we describe the samples presenting relevant aspects of their spectra and transitions, as well as their linear optical properties. It also contains the setup and procedure we use to implement the Z-scan technique, and the pump beam composition. The phenomenological approach we use to describe the experiment is presented in Section 3. In Section 4, we report the experimental results, the procedure used to fit the data, the discussion of the nonlinear optical characterization of the samples and our conclusions. Finally, in Section 5 we summarize our work. Additionally, we include two appendices regarding technical details of the determination of the linear optical properties in Appendix A and the characterization of the beam profile using the LG basis in Appendix B.
SAMPLES CHARACTERIZATION
Two samples of phosphate glass co-doped with Er 3+ and Yb 3+ were prepared with equal concentrations; one of them was additionally co-doped with SNP. The SNP are generated as a consequence of the thermal decomposition of AgNO 3 through the reaction: 2AgNO 3 
The sample without SNP, or reference sample, is hereafter referred to as sample A; the sample containing SNP is denoted as sample B. Details regarding the fabrication have been presented in [24] ; here we restrict to the information relevant to this work. The composition of the samples is specified in Table 1 , where the quantities are reported in weight percentage (wt.%). The glasses were prepared in cylindrical shapes with 7.5 mm of diameter, and polished upto a thickness L (see Table 1 ). 
The concentration errors are ±0.1%. In Table 2 we report measurements of the linear optical properties. We observe that SNP effects do not affect significantly the linear absorption coefficient, but do change the effective linear refractive index. The values of these optical properties are obtained as described in Appendix A. 
A. Spectrum and transitions
The difference in absorbance curves between Sample B and Sample A (A B − A A ) is shown in Fig. 1 . The peaks, which are still observed in the A B − A A curve, are from Yb 3+ and Er 3+ dipolar transitions, since there is an enhancement in the absorption of these transitions due to the SNP (see [24] ). The absorption of SNP is clearly exposed in the A B − A A curve. In this way, we ascribe the remnant spectrum to the surface plasmon resonance (SPR), except the peaks. The broadband spectrum of the SPR is expected, since the sizes and shapes of SNP are not uniform. This effect is due to a collection of SPR modes with different wavelength domains. We have used the Mie theory as is described in [33] , taking into account the particle size distribution, considering spherical shapes for the SNP and using only their electric dipole contribution. In Fig 1, we also present the SPR spectrum derived from this theoretical approach. A schematic view of the Er 3+ , Yb 3+ and SPR internal processes is shown in Fig. 2 . We sketch the following processes related to λ p : the following transitions 2 F 7/2 → 2 F 5/2 in Yb 3+ and 4 I 15/2 → 4 I 11/2 in Er 3+ , the inter-ion transitions in the Yb 3+ − Er 3+ system, and two-photon absorption (TPA) in the Er 3+ . Note that the wide SPR band overlaps with the RE ions absorption peaks, which opens the possibility for the following processes to take place: direct energy transfer among RE ions, and energy transfer among the RE ions and the SNP. Although we do not attempt to make a detailed microscopic description of the phenomena involved in these systems, we consider it is important to remark that the relevance of these processes rely on their contribution to the nonlinear optical properties of the samples.
B. Z-Scan setup and pump beam
Z-scan setup. A schematic representation of our implementation of the OA Z-scan technique is shown in Fig. 3 . The source used in the Z-scan system is a CW pigtail diode laser centered at λ p = 908. The response signals of both detectors (S D1 and S D2 ) are characterized beforehand, by verifying their detection stability, linearity dependence on light power, and dark noise. In order to ensure that possible laser fluctuations are corrected, the transmittance is calculated using the ratio between the signals, T(z) = S D1 (z)/(gS D2 (z)), where g = 0.731 is the correction factor, which ensures T = 1 if there is no sample loaded in the Z-scan setup.
To calculate the Z-scan curves, each T(z) at a fixed zposition is obtained from 5 recorded DC signal traces from the oscilloscope, with 10 kilo samples and a full range of 1 µs per trace. We then get the mean value and statistical error for each measurement. 
3.09 ± 0.37
Pump beam. The structure of the beam is taken into account by expanding the intensity beam profile in a Laguerre-Gauss (LG) basis, which is the best suited basis due to the fact that we are working with a pigtail diode laser. The LG modes form a natural basis for cylindrical waveguides. We also remark that LG modes are also suitable to describe Z-scan results, due to their angular momentum conservation. We characterized the pump laser using the LG basis in free-space finding that its profile is composed by LG 00 and LG 20 modes (see Appendix B). We use these two modes in our experimental Z-scan analysis. The beam propagation parameters and the power fraction of both modes are reported in Table 3 . It is worth remarking that the ∆z 0 value measures the distance between the focal planes of the modes.
TRANSMITTANCE PARAMETRIZATION
To set our notation and assumptions, we consider the field associated to a CW laser in a single LaguerreGaussian or LG ml mode with waist w 0 , traveling through the +z direction, (1) where u = 2(r/w(z)) 2 ; w 2 (z) = w 2 0 (1 + (z − z 0 ) 2 /z 2 R ) describes the waist evolution in z; R(z) = ((z − z 0 ) 2 + z 2 R )/(z − z 0 ) is the curvature ratio of the wave front; z R = kw 2 0 /2 is the Rayleigh parameter; z 0 is the position of the mode focal plane; k = 2πn/λ p is the magnitude of the wave vector; and λ p is the laser wavelength in vacuum; n is the refractive index; E 0 denotes the
and C ml = 2m!/π(m + |l|)! is the normalization constant. The field intensity of Eq. (1) is,
with I(z) = I 0 (w 0 /w(z)) 2 ; I 0 = cnǫ 0 |E 0 | 2 /2 is the peak intensity at the focal plane; and c is the speed of light in vacuum. The power through any transverse plane is,
This relation holds for the peak power and beam width at any transverse plane, in absence of absorbing media. For completeness, we firstly consider the case of a weak field, where the variation of the field intensity across the material is described by the Lambert law of absorption I out = I in e −αL , α is the linear absorption coefficient, L is the sample thickness while I in and I out stand for the input and output intensities, respectively. At a given position along the direction of propagation, the power of the laser beam is obtained by integrating its intensity I(r, z) over the whole transverse plane. The transmittance is obtained as the ratio between the output and the input po wers at the sample. For a weak field, the linear absorption case, the transmittance reduces to T 1 = e −αL ; hereafter, we refer to T 1 as the linear transmittance. An alternative way to express this result is through the absorbance A = − log 10 (T).
A. Nonlinear electrical susceptibility
The third-order nonlinear electric susceptibility χ (3) is a complex quantity, χ (3) = χ
I , which induces a field-intensity dependence in the refractive index and the absorption coefficient:
In order to describe the field behavior within the sample, we determine the position z ′ dependence of the field intensity and its phase. The OA Z-scan configuration is sensitive to the nonlinear absorption, which gives the field intensity evolution:
The γ modifies the beam propagation parameters as described by,
We incorporate the nonlinear refractive index effects through the effective beam propagation parameter (z ′ R ),
Since z R evolves into z ′ R , which is used as a free parameter to fit the data. If the sample is thinner than the effective Rayleigh parameter (L < z ′ R ), then we consider the approach of thin samples. There are two options: 1)
The solution to Eq. (6) is expressed in terms of I in and I out , which are the field intensities at the entrance face (z ′ = 0) and exit face (z ′ = L), respectively; meanwhile z refers to the sample position:
which we refer to as one of the transverse equations. This relation holds for an arbitrary mode or superposition of modes. The Eq. (9) is usually arranged as (see [1, 2] ),
where L e f f = (1 − T 1 )/α. For the LG 00 mode, the transmittance T(z) is obtained by integrating this equation over the transverse plane at each z-position, and divided by the incoming power, P in ,
where
The following alternative approach is proposed. Firstly, one can notice that up to the scaling factor T 1 , both sides of the transverse equation have the same functional form and the relation is fulfilled for each point on the transverse plane. Integrating both sides of Eq. (9) over the transverse plane. There is a factor (w out (z)/w in (z)) 2 , which is ≈ 1 under the thin samples approach. We express the ratio of I out (z) to I in (z) and obtain the nonlinear transmission: 
B. Saturation regime and nonlinear absorption
For a sample with non-negligible nonlinear properties and saturation intensity, the field evolution within the sample is described by:
Integrating this equation and evaluating at the sample boundaries lead to,
with κ = β/α and ζ = (κI S ) −1 . For the LG 00 mode, the alternative procedure we introduce to derive Eq. (12) leads to the transmittance,
(15) The transmittance exhibits either hills or valleys, depending on the values of the parameters (β, I S ) or (κ, ζ). Some examples are shown in Figure 5 . Moreover, in the asymptotic limit I S → ∞, the Eq. (12) is recovered. T(z)
LG 20 :
LG 00 : z' 0,0 
RESULTS AND DISCUSSION
Before discussing the fit and the interpretation of the results, further specifications are required. The beam is composed by two Laguerre-Gauss modes, which copropagate through the samples. We consider that both modes interact independently with the active medium, producing an effective energy transfer between them. This phenomenon is incorporated through the parameter X, which is the effective fraction of power transfer between the modes. Thus, the laser intensity is described as the sum of two concentric interacting modes (LG 00 and LG 20 ):
, and v = {in, out} since the input and output fields have the same profile but different power. The transmittance is then calculated from:
where z is the sample position and P in,j remains invariant under changes in z.
We perform the fitting of the experimental data and the theoretical transmittance Eq. (17) by means of a least squares method (LSM), where we use the transverse equation shown in Eq. (14) and the field intensity of Eq. (16) as the constraints to numerically calculate P in,j and P out,j . From the constraints, we consider β, I S , X, z ′ R,0 , z ′ R,2 , z ′ 0,0 and z ′ 0,2 as free parameters in the LSM. The parameters are embedded in Eq. (17), which fits the experimental Z-scan curves in Figures 6 and 7 . The values of the fitting parameters are presented in Table 4 . We assume that the nonlinear refractive index in the sample produces a lens effect. From Eq. (7), we notice that γ modifies the propagation parameters in both modes (focal plane position and Rayleigh parameter), with respect to the measured values in free-space propagation (see Table 3 ). Thus, we treat them as free parameters in the fitting. We can also calculate the nonlinear refractive index for the main mode using Eq. (8), and the values of z R,0 and z ′ R,0 from Table 3 and Table 4 respectively. The γ values are: 9.2 × 10 −14 cm 2 /W for Sample A, and 8.8 × 10 −14 cm 2 /W for Sample B. These values are due to thermal lensing contributions among others. T(z)
LG 00 : z' 0,0 The measured curves from the Z-scan experiments are shown in Fig. 6 (sample A) and Fig. 7 (sample B) together with the curves obtained from the fitting procedure previously described; where the horizontal scale (z) is measured with respect to z ′ 0,0 value. We perform the experiments using different pump powers so that the sensitivity of the nonlinear response is increased. The values quoted in Table 4 fit the whole set of data, i.e. including data corresponding to different pump powers.
Our results indicate that:
• The parameters from the OA Z-scan technique show an indirect behavior of phenomena related to the resonant transitions at λ p .
• The phenomenological description introduced to describe non-Gaussian beams properly describes the data.
• We show evidence of mode coupling mediated by the active media, by means of the parameter X.
We observe an improvement when the SNP are present.
• The change in the internal dynamics due to the SNP reduces the effective intensity saturation and the third-order nonlinear absorption at λ p .
• The difference between the focal plane positions (∆z ′ 0 ) is modified due to thermal lensing and other effects that contribute to γ, as shown by the results reported in Tables 3 and 4 . The focal plane position for each mode evolves differently, since both modes have different intensities.
• Using a single LG 00 mode it is not possible to reproduce the right-side shoulder observed in 
SUMMARY
In this work we introduce a phenomenological description of the Z-scan technique, in OA configuration with a beam composed by two modes. Our description includes third-order nonlinear absorption, optical saturation and effective energy transfer between modes using the phenomenological parameter X. Additionally, this methodology allows us to calculate the nonlinear refractive index. We use this methodology to perform a complete characterization of the optical parameters of glass samples doped with Yb 3+ − Er 3+ and SNP. The analysis and interpretation of our data show evidence that the net effects of introducing the SNP under 908.6 nm pump are: the reduction of the saturation intensity, the third-order nonlinear absorption and the third-order nonlinear refractive index, and the increment of the energy transfer between laser modes.
A. LINEAR OPTICAL PROPERTIES
In this appendix we describe the methodology to measure the linear refractive index and absorption coefficient: Refractive index. The setup and its operation principle are depicted in Figure 8 . The collimated laser beam passes through the sample, which is placed at a rotating sample holder. When the sample is rotated, the output beam exhibits a transverse displacement of its profile center. In order to measure this displacement, the output beam profile is recorded with a CCD camera with a resolution of 4.65 µm×4.65 µm per pixel (Thorlabs DCU224M). We have used a geometrical analysis and the refractive Snell law to derive the relation among the refractive index of the sample n, ∆Y j and θ j ,
where n a is the air refractive index (≈ 1), L is the thickness of the sample. Linear absorption. The linear absorption coefficient is measured using the collimated beam, as in the setup of Figure 8 , using normal incidence (θ = 0 o ) between the beam and sample. A set of P in,i and P out,i is measured to get T 1 , by means of the VOA.
B. BEAM PROFILE CHARACTERIZATION
We analyze the beam propagation between lenses L1 and L2 in the Z-scan setup (see Figure 3) , where a CCD camera is placed on the z-displacement stage. We obtain a beam profile image shifting the CCD camera in steps of 3 mm in +z-direction. We consider the position of the initial image as z = 0 cm, so other z-positions are measured with respect to this position. The Laguerre-Gauss basis is the proper basis for cylindrical waveguides, like optical fibers.
LG modes conserve their angular momentum after a nonlinear interaction in isotropic media [23] . Since the pigtail of the laser diode is single mode but rather short, it cannot completely filter the profile mode. In the profile analysis we use the modal decomposition considering up to the second order in both m and l values, 19) with u ml = 2(r ml /w ml (z)) 2 ; a ml is proportional to the field intensity of the LG ml mode; w ml (z) is the beam waist of each mode; r 2 ml = (x − x 0,ml ) 2 + (y − y 0,ml ) 2 ; (x 0,ml , y 0,ml ) is the geometric center of each mode (we consider a deviation from the concentric mode geometry in the characterization of the beam parameters); d is the CCD background noise. After a 3D fitting of the beam profiles using Eq. (19), we find that the beam is composed with two LaguerreGauss modes with different beam propagation parameters. These two modes with non-zero coefficient a ml are the LG 00 and LG 20 .
LG m0 modes involve the zero order associate Laguerre functions, which are identical to Laguerre functions (L 0 m (x) = L m (x)). Since both modes have only m index, we will omit the l index. In order to estimate the propagation parameters of the modes (z R,m and z 0,m ), we have fit these values from the propagation equation, using the set values {z, w m (z)}. Since the modal power, P m ∝ a m w 2 m , the power fraction of each mode is calculated by, 
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